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In this work, by means of the fixed point theorem in a cone, we establish the existence
result for a positive solution to a kind of boundary value problem for a nonlinear differential
equation with a Riemann–Liouville fractional order derivative. An example illustrating
our main result is given. Our results extend previous work in the area of boundary
value problems of nonlinear fractional differential equations [C. Goodrich, Existence of a
positive solution to a class of fractional differential equations, Appl. Math. Lett. 23 (2010)
1050–1055].
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1. Introduction
In this work, we consider the positive solution for the following boundary value problem for a differential equation
involving the Riemann–Liouville fractional order derivative:
Dα0+u(t)+ f (t, u(t),Dβ0+u(t)) = 0, t ∈ (0, 1), (1.1)
u(i) = 0, 0 ≤ i ≤ n− 2, (1.2)
[Dδ0+u(t)]t=1 = 0, 1 ≤ δ ≤ n− 2, (1.3)
where n− 1 < α ≤ n, n > 3, n ∈ N+, 0 < β ≤ 1 and f ∈ C([0, 1] × R+ × R, R+).
Due to the development of the theory of fractional calculus and its applications, such as in the fields of physics,
Bode’s analysis of feedback amplifiers, aerodynamics and polymer rheology etc., many works on the basic theory of
fractional calculus and fractional order differential equations have been published [1–7]. Recently, there have been many
papers dealing with the solutions or positive solutions of boundary value problems for nonlinear fractional differential
equations(FBVPs); see [8–21] and references along these lines.
Bai and Lü [12] considered the following Dirichlet boundary value problem for a fractional differential equation:
Dα0+u(t)+ f (t, u(t)) = 0, t ∈ (0, 1), u(0) = 0 = u(1), 1 < α ≤ 2. (1.4)
By means of some fixed point theorems on a cone, existence and multiplicity results for positive solutions were obtained.
Furthermore, Bai and Lü proved that the Green’s function of problem (1.4) did not satisfy a Harnack-like inequality, which is
∗ Corresponding author at: College of Science, University of Shanghai for Science and Technology, Shanghai, 200093, PR China.
E-mail address: yliu1981@163.com (Y. Liu).
0893-9659/$ – see front matter© 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2012.03.018
Y. Liu et al. / Applied Mathematics Letters 25 (2012) 1986–1992 1987
a crucial property when seeking the existence of positive solutions by means of cone theory. Jiang and Yuan [20] discussed
some new positive properties of the Green function for problem (1.4) and established the existence results for a positive
solution. The results were established by using the fixed point theorem on a cone due to Krasnoselskii. Recently, Caballero
and Sadarangani [21] obtained the existence and uniqueness of a positive solution for problem (1.4) where the nonlinear
term f may be singular at t = 0. There are also a few papers considering the solutions and positive solutions for nonlocal
FBVPs; see [22–28].
In a very recent paper, Goodrich [29] considered a class of fractional boundary value problems of the form
Dα0+u(t)+ f (t, u(t)) = 0, t ∈ (0, 1), (1.5)
u(i) = 0, 0 ≤ i ≤ n− 2, (1.6)
[Dδ0+u(t)]t=1 = 0, 1 ≤ δ ≤ n− 2, (1.7)
where n − 1 < α ≤ n, n ∈ N+, 0 < β ≤ 1 and f ∈ C([0, 1] × R+ × R, R+) and Dα0+ is the standard Riemann–Liouville
fractional derivative of order α. The author obtained the Green’s function of this problem and proved that the Green’s
function satisfied a Harnack-like inequality. By using a fixed point theorem due to Krasnoselskii, the author established
the existence results for at least one positive solution of problem (1.5)–(1.7).
However, in theseworks, the existence results for positive solutions for boundary value problems for nonlinear fractional
differential equations were all established under the assumption that the derivative of the unknown function u(t) was not
involved in the nonlinear term explicitly. To the best of our knowledge, few papers can be found in the literature for positive
solutions of FBVPs where the derivative of the unknown function u(t) is involved in the nonlinear term explicitly. The main
purpose of this work is to fill this gap. In this work, by using the fixed point theorem in a cone due to Guo and Ge [30], we
obtained the existence of positive solutions of problem (1.1)–(1.3). An example is given to illustrate the main results of this
work.
2. Preliminaries
Definition 2.1. The Riemann–Liouville fractional integral of order α > 0 of a function u(t) is given by
Iα0+u(t) =
1
Γ (α)
 t
0
(t − s)α−1u(s)ds
provided that the right side is pointwise defined on (0,∞).
Definition 2.2. The Riemann–Liouville fractional derivative of order α > 0 of a continuous function u(t) is given by
Dα0+u(t) =
1
Γ (n− α)

d
dt
n  t
0
u(s)
(t − s)α−n+1 ds
where n = [α] + 1, provided that the right side is pointwise defined on (0,∞).
Lemma 2.1. Let α > 0. The fractional differential equation Dα0+u(t) = 0 has the solution
u(t) = C1tα−1 + C2tα−2 + · · · + Cntα−n
for some Ci ∈ R, i = 1, 2, . . . , n, where n is the smallest integer greater than or equal to α.
Lemma 2.2. Assume that u(t) has a fractional derivative of order α > 0. Then
Iα0+D
α
0+u(t) = u(t)+ C1tα−1 + C2tα−2 + · · · + Cntα−n,
for some Ci ∈ R, i = 1, 2, . . . , n.
As examples, for λ > −1, we have
Dα0+x
λ = Γ (1+ λ)
Γ (1+ λ− α)u
λ−α.
Let X be a Banach space and K ⊂ X be a cone. Suppose γ , θ : X → R+ are two continuous convex functionals satisfying
γ (λu) = |λ|γ (u), θ(λu) = |λ|θ(u), for u ∈ X, λ ∈ R (2.1)
and
γ (u) ≤ γ (v), for u, v ∈ K , u ≤ v (2.2)
and
∥u∥ ≤ µmax{γ (u), θ(u)}, for u ∈ X (2.3)
where µ > 0 is a constant.
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Lemma 2.3 ([30]). Let r2 > r1 > 0, L > 0 be constants and
Ω = {u ∈ X : γ (u) < r, θ(u) < L},
Ωi = {u ∈ X : γ (u) < ri, θ(u) < L}, i = 1, 2 (2.4)
be two bounded open sets in X. Let
Di = {u ∈ X : γ (u) = ri}. (2.5)
Assume that T : K → K is a completely continuous operator satisfying:
(A1) γ (Tu) < r1, u ∈ D1 ∩ K ; γ (Tu) > r2, u ∈ D2 ∩ K;
(A2) θ(Tu) < L, u ∈ K;
(A3) there is a p ∈ (Ω ∩ K) \ {0} such that γ (p) ≠ 0 and γ (u+ λp) ≥ γ (u) for all u ∈ K and λ ≥ 0;
then T has at least one fixed point in K ∩ (Ω2 \Ω1).
3. The main results
Lemma 3.1 ([29]). Given y(t) ∈ C[0, 1], the following FBVP:
Dα0+u(t)+ y(t) = 0, t ∈ (0, 1), (3.1)
u(i) = 0, 0 ≤ i ≤ n− 2, (3.2)
[Dδ0+u(t)]t=1 = 0, 1 ≤ δ ≤ n− 2, (3.3)
is equivalent to the operator equation
u(t) =
 1
0
G(t, s)y(s)ds,
where
G(t, s) =

tα−1(1− s)α−δ−1 − (t − s)α−1
Γ (α)
0 ≤ s ≤ t ≤ 1
tα−1(1− s)α−δ−1
Γ (α)
0 ≤ t ≤ s ≤ 1.
Lemma 3.2 ([29]). Let G(t, s) be given as in the statement of Lemma 3.1. Then we find that:
(1) G(t, s) is a continuous function on the unit square [0, 1] × [0, 1];
(2) G(t, s) ≥ 0 for each (t, s) ∈ [0, 1] × [0, 1];
(3) maxt∈[0,1] G(t, s) = G(1, s) for each s ∈ [0, 1];
(4) there is a positive constant γ0 ∈ (0, 1) such that
min
t∈

1
2 ,1
G(t, s) ≥ γ0G(1, s), 0 < s < 1,
where
γ0 = min

 1
2
α−δ−1
2δ − 1 ,

1
2
α−1 > 0.
Let the space X = {u ∈ C[0, 1], Dβ0+u(t) ∈ C[0, 1]} be endowed with the norm
∥u∥ := max
0≤t≤1
|u(t)| + max
0≤t≤1
|Dβ0+u(t)|.
It is well known that X is a Banach space [31]. Define the cone
K =
u ∈ X : u(t) ≥ 0, mint∈ 12 ,1 u(t) ≥ γ0 max0≤t≤1 u(t)
 .
Define the convex functionals
γ (u) = max
0≤t≤1
|u(t)|, θ(u) = max
0≤t≤1
|Dβ0+u(t)|
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for each u ∈ X; then ∥u∥ ≤ 2max{γ (u), θ(u)}. Furthermore, for u ∈ X, λ ∈ R,
γ (λu) = |λ|γ (u), θ(λu) = |λ|θ(u), γ (u) ≤ γ (v), for u, v ∈ K , u ≤ v.
So γ , θ satisfy the conditions (2.1)–(2.3) of Lemma 2.3.
Suppose there exist L > 0, b > γ0b > c > 0 with Γ (α + 1)(2α − δ − β)b < γ0δΓ (α − β)(α − β)L satisfying the
following growth conditions:
(C1) f (t, u, v) < Γ (α+1)(α−δ)δ c for (t, u, v) ∈ [0, 1] × [0, c] × [−L, L];
(C2) f (t, u, v) > Γ (α+1)(α−δ)γ0δ b for (t, u, v) ∈ [ 12 , 1] × [γ0b, b] × [−L, L];
(C3) f (t, u, v) <
Γ (α−β)(α−β)(α−δ)
2α−δ−β L for (t, u, v) ∈ [0, 1] × [0, b] × [−L, L].
Let
f ∗(t, u, v) =

f (t, u, v) (t, u, v) ∈ [0, 1] × [0, b] × (−∞,+∞)
f (t, b, v) (t, u, v) ∈ [0, 1] × [b,∞)× (−∞,+∞)
and
f1(t, u, v) =
f ∗(t, u, v) (t, u, v) ∈ [0, 1] × [0,∞)× [−L, L]
f ∗(t, u,−L) (t, u, v) ∈ [0, 1] × [0,∞)× (−∞, − L]
f ∗(t, u, L) (t, u, v) ∈ [0, 1] × [0,∞)× [L,∞).
Then f1 ∈ C([0, 1] × [0,∞)× R, R+). Define the operator
T (u) =
 1
0
G(t, s)f1(s, u(s),D
β
0+u(s))ds.
It is easy to check that a fixed point of operator T in cone K ⊂ X is a positive solution of problem (1.1)–(1.3) and satisfies
c < u(t) < b, |Dβ0+u(t)| < L, 0 ≤ t ≤ 1.
Lemma 3.3. Let T : K → X be the operator defined by
Tu(t) :=
 1
0
G(t, s)f (s, u(s),Dβ0+u(s))ds.
Then T : K → K is completely continuous.
Proof. The operator T : K → X is continuous in view of the non-negativeness and continuity of function G(t, s) and
f1(t, u(t),D
β
0+u(t)). LetΩ ⊂ K be bounded. Then there exists a positive constant R1 > 0 such that ∥u∥ ≤ R1, u ∈ Ω . Define
R = max
0≤t≤1, u∈Ω
|f1(t, u(t),Dβ0+u(t))| + 1.
Then for u ∈ Ω , we have
|Tu| ≤
 1
0
G(t, s)|f1(s, u(s),Dβ0+u(s))|ds ≤ R
 1
0
G(1, s)ds = δR
Γ (α + 1)(α − δ) ,
|Dβ0+(Tu)(t)| ≤ max0≤t≤1
− 1Γ (α − β)
 t
0
(t − s)α−β−1f1(s, u(s),Dβ0+u(s))ds
+ t
α−β−1
Γ (α − β)
 1
0
(1− s)α−δ−1f1(s, u(s), Dβ0+u(s))ds

≤ R
Γ (α − β)

1
α − β +
1
α − δ

.
Hence T (Ω) is bounded. For u ∈ Ω, t1, t2 ∈ [0, 1], one has
|Tu(t2)− Tu(t1)| ≤ |t
α−1
2 − tα−11 |
Γ (α)
 1
0
(1− s)α−δ−1f1(s, u(s),Dβ0+u(s))ds
+ 1
Γ (α)
 t2
0
(t2 − s)α−1f1(s, u,Dβ0+u)ds−
 t1
0
(t1 − s)α−1f1(s, u,Dβ0+u)ds

≤

|tα−12 − tα−11 |
Γ (α)(α − δ) +
|tα2 − tα1 |
Γ (α + 1)

× R.
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|Dβ0+(Tu(t2))− Dβ0+(Tu(t1))| ≤
 1Γ (α − β)
 t1
0
(t1 − s)α−β−1f1(s, u,Dβ0+u)ds
−
 t2
0
(t2 − s)α−β−1f1(s, u,Dβ0+u)ds

+
 tα−β−12 − tα−β−11Γ (α − β)
 1
0
(1− s)α−δ−1f1(s, u(s), Dβ0+u(s))ds

≤ R
Γ (α − β)
|tα−β2 − tα−β1 |
α − β +
R
Γ (α − β)
|tα−β−12 − tα−β−11 |
α − δ .
Thus,
∥Tu(t2)− Tu(t1)∥ → 0 as t1 → t2, u ∈ Ω.
By means of the Arzela–Ascoli theorem, we claim that T is completely continuous. Finally, we see that
min
1/2≤t≤1(Tu)(t) ≥ γ0
 1
0
G(1, s)f1(s, u(s), D
β
0+u(s))ds
= γ0 max
0≤t≤1
 1
0
G(t, s)f1(s, u(s),D
β
0+u(s))ds
= γ0 max
0≤t≤1
(Tu)(t).
Thus, we have shown that T : K → K is a completely continuous operator. 
Theorem 3.1. Suppose (C1)–(C3) hold; then problem (1.1)–(1.3) has at least one positive solution u(t) satisfying
c < γ (u) < b, |Dβ0+u(t)| < L.
Proof. Let
Ω1 = {u ∈ X : |u(t)| < c, |Dβ0+u(t)| < L}, Ω2 = {u ∈ X : |u(t)| < b, |Dβ0+u(t)| < L}
be two bounded open sets in X , and
D1 = {u ∈ X : γ (u) = c}, D2 = {u ∈ X : γ (u) = b}.
For u ∈ D1 ∩ K , from condition (C1)we have
f1(t, u(s),D
β
0+u(s)) <
Γ (α + 1)(α − δ)
δ
c,
γ (Tu) = max
0≤t≤1
 1
0
G(t, s)f1(s, u(s),D
β
0+u(s))ds
 ≤  1
0
G(1, s)ds× Γ (α + 1)(α − δ)
δ
c = c.
For u ∈ D2 ∩ K , from the condition (C2)we have
f1(t, u, v) >
Γ (α + 1)(α − δ)
γ0δ
b,
γ (Tu) = max
0≤t≤1
 1
0
G(t, s)f1(s, u(s), D
β
0+u(s))ds
 ≥  1
0
γ0G(1, s)ds× Γ (α + 1)(α − δ)
γ0δ
b = b.
For u ∈ K , considering (C3)we get
f1(t, u, v) <
Γ (α − β)(α − β)(α − δ)
2α − δ − β L.
We see that
θ(Tu) = max
0≤t≤1
|Dβ0+(Tu)(t)| = max0≤t≤1
− 1Γ (α − β)
 t
0
(t − s)α−β−1f1(s, u(s), Dβ0+u(s))ds
+ t
α−β−1
Γ (α − β)
 1
0
(1− s)α−δ−1f1(s, u(s),Dβ0+u(s))ds

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≤

1
Γ (α − β)
1
α − β +
1
Γ (α − β)
1
α − δ

× Γ (α − β)(α − β)(α − δ)
2α − δ − β L
= L.
It is obvious that there exists a p ∈ (Ω ∩ K) \ {0} such that γ (u + ap) ≥ γ (u) for all u ∈ K and a ≥ 0. Then there is a
u ∈ K ∩ (Ω2 \Ω1) such that u(t) = (Tu)(t), t ∈ [0, 1] satisfying c < γ (u) < b, |Dβ0+u(t)| < L. 
4. An example
Consider the nonlinear FBVPs
Dα0+u(t)+ f (t, u(t),Dβ0+u(t)) = 0, t ∈ (0, 1), (4.1)
u(0) = u′(0) = u′′(0) = 0, [Dδ0+u(t)]t=1 = 0, (4.2)
where α = 3.4, δ = 1.4, β = 0.8, n = 4 and
f (t, u, v) =

1
10
et + 60u4 + 1
100
sin
 v
10 000

, 0 ≤ u ≤ 3
1
10
et + 4860+ 1
100
sin
 v
10 000

, u > 3.
Choose c = 12 , b = 23.4, L = 10 000. By a simple computation, we obtain that γ0 = ( 12 )2.4,
Γ (α + 1)(α − δ)
δ
c ≈ 7.24, Γ (α + 1)(α − δ)
γ0δ
b ≈ 806.7647, Γ (α − β)(α − β)(α − δ)
2α − δ − β L ≈ 16 161.
We can check that f (t, u, v) satisfies:
(1) f (t, u, v) < Γ (α+1)(α−δ)
δ
c for (t, u, v) ∈ [0, 1] ×

0, 12

× [−10 000, 10 000];
(2) f (t, u, v) > Γ (α+1)(α−δ)
γ0δ
b for (t, u, v) ∈ [ 12 , 1] × [2, 23.4] × [−10 000, 10 000];
(3) f (t, u, v) < Γ (α−β)(α−β)(α−δ)2α−δ−β L for (t, u, v) ∈ [0, 1] × [0, 23.4] × [−10 000, 10 000].
Then all assumptions of Theorem 3.1 are satisfied. Thus problem (4.1)–(4.2) has at least one positive solution u(t) satisfying
1
2
< |u(t)| < 23.4, |D0.80+u(t)| < 10 000, 0 ≤ t ≤ 1.
Remark. We see that for the fractional derivative of order β the nonlinear term is involved in problem (4.1)–(4.2) explicitly.
The early results for positive solutions of FBVPs, to the best of the author’s knowledge, are not applicable to this problem.
Our results extend previous work in the area of FBVPS, such as Goodrich [30].
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